Let Ω be a bounded symmetric domain of rank ≥ 2, and Γ ⊂ Aut(Ω) be a torsion-free irreducible cocompact lattice, X := Ω/Γ. On the projective manifold X there is the canonical Kähler-Einstein metric, which is of nonpositive holomorphic bisectional curvature. In Mok [M1,2] we established a Hermitian metric rigidity theorem for such projective manifolds X, which in the case when Ω is irreducible says that any Hermitian metric of nonpositive curvature in the sense of Griffiths is necessarily a constant multiple of the Kähler-Einstein metric. As a consequence, we proved in the latter case that any nontrivial holomorphic mapping f : X → Z into a Hermitian manifold Z of nonpositive curvature in the sense of Griffiths is necessarily an isometric immersion totally geodesic with respect to the Hermitian connection on Z. The Hermitian metric rigidity theorem can be taken as a tool in establishing the statement that any f : X → Z is necessarily a holomorphic immersion, a statement which only concerns the complex structure of X and Z. The Hermitian metric rigidity theorem and its consequences were generalized by To [To] to be applicable to any torsion-free lattice Γ ⊂ Aut(Ω), where X := Ω/Γ may be noncompact.
For holomorphic mappings into complex manifolds defined on X, we expect that rigidity theorems should hold under much weaker conditions of nonpositivity of the target space. One natural hypothesis, when the target space N is nonsingular, is the existence on N of a continuous complex Finsler metric of nonpositive curvature. This is the case, e.g., when X is uniformized by a bounded domain in a Stein manifold, where the Carathéodory metric on the universal cover, which descends to N , is of nonpositive curvature as a continuous complex Finsler metric. With this and other examples in mind we established in Mok [M3] in the compact case a Hermitian metric rigidity theorem for continuous complex Finsler metrics, where for obvious reasons the conclusion has to be weaker, by proving in the locally irreducible case that any continuous complex Finsler metric on X has to agree with a constant multiple of the canonical metric when we restrict to the characteristic bundle on X, i.e., to vectors of type (1,0) tangent in local liftings to minimal disks. With this "partial" Finsler metric rigidity we showed that, for large classes of irreducible bounded symmetric domains Ω of rank ≥ 2, any nonconstant holomorphic mapping from X into a complex manifold admitting a continuous Finsler metric of nonpositive curvature must be an immersion at some point.
In this article we study specifically the case where the continuous complex Finsler metric arises from the Carathéodory pseudometric. In this case, in addition to the Finsler metric rigidity theorem, we have the additional tool of bounded holomorphic functions, which are at the origin of the Carathéodory pseudometric. The Carathéodory length of any given nonzero tangent vector η of type (1, 0) on X is realized by some Carathéodory extremal function, not necessarily unique. By means of Finsler metric rigidity and a study of Carathéodory extremal functions we prove that any nontrivial holomorphic mapping f of X into a complex manifold uniformized by a bounded domain is necessarily a holomorphic immersion. Moreover, we show that the lifting of F : Ω →Ñ to universal covers is a holomorphic embedding. The latter, to be referred to as the Embedding Theorem, is especially unexpected, since the corresponding statement is unknown even when the Hermitian metric rigidity theorem is applicable. Our method of proof yields a number of surprising consequences. It shows that the image of X under any proper holomorphic mapping f must have finite fundamental group unless f is an unramified covering map. In particular, for any arithmetic lattice Γ * ⊂ Aut(Ω) which is not torsion-free, π 1 (Ω/Γ * ) is finite. In another direction, in the locally irreducible case we show that the universal cover of any singular complex space normalized by X admits no nonconstant bounded holomorphic functions.
To illustrate the philosophy of our proofs we will treat first of all the special case where Ω is the polydisk ∆ n and Γ ⊂ Aut(Ω) is cocompact. In this case using Finsler metric rigidity we showed that the "flats" of a continuous complex Finsler metric on N is compatible with the local foliations on N induced by the canonical foliations on ∆ n , and the crux of the argument is to deduce from there the existence on N of special Carathéodory extremal functions which are constant on leaves of some canonical foliations. We call this the Splitting Phenomenon. This is done by taking "boundary values" of initial Carathéodory extremal functions. The proof that F : ∆ n →Ñ separates points will be completed by invoking a density lemma for canonical projections of irreducible lattices into direct factors.
In the cocompact case using the Polydisk Theorem on a bounded symmetric domain the preceding arguments can be easily adapted to show in general that F : Ω →Ñ is an immersion, but the proof that F separates points in general requires new ideas. For the separation of points if an analogue of the Splitting Phenomenon can be established for the general case, then in place of a density lemma for polydisks we may use Moore's Ergodicity Theorem applied to a certain moduli space M of maximal polydisks with additional structures. However, a straightforward generalization of the Splitting Phenomenon breaks down because the orbit of a point p ∈ M may fail to be dense for p belonging to some exceptional null subset E ⊂ M.
To circumvent the difficulty we introduce a new extremal problem adapted to F : Ω →Ñ such that for every maximal polydisk P ⊂ Ω any extremal function adapted to P will automatically be dependent on only one of the direct factors of P . The extremal problem only makes sense on Ω, not onÑ , but is applied to the space F of holomorphic functions s : Ω → ∆ which are pull-backs of bounded holomorphic functions onÑ by F . Our extremal problem corresponds to defining a continuous Hermitian metric e(F) on the restriction of the tautological line bundle L to the characteristic bundle S Ω ⊂ PT Ω consisting of projectivizations of vectors tangent to minimal disks. For any characteristic vector η ∈ S x and s ∈ F, the length α s is measured by averaging the Poincaré lengths ds(α ) ds 2 ∆ of translates α of α on some geodesic circle of the minimal disk determined by x and α, and the continuous Hermitian metric e(F) on L| S Ω is defined by taking suprema as s ranges over F. By making use of e(F) and the idea of proof of metric rigidity theorems on X = Ω/Γ we show that appropriate extremal functions adapted to a maximal polydisk P depend only on one of the direct factors to give a proof of the Embedding Theorem.
Although the argument using e(F)-extremal functions applies both to the locally irreducible and the locally reducible cases, we have included a separate and more elementary treatment of the case of the polydisk, with an aim to identifying the principal problem in the general case and giving a motivation for introducing the new extremal problem. The latter can be readily adapted to the general case of X := Ω/Γ where Γ ⊂ Ω is a torsion-free irreducible lattice. The adaptation consists of a justification of a special form of metric rigidity, and will be given after a complete proof of the Embedding Theorem for the cocompact case. While extremal bounded holomorphic functions are well studied in one complex variable, they are seldom understood and exploited in higher dimensions. In this context the present article represents a novel application of extremal bounded holomorphic functions to rigidity problems in Several Complex Variables. (1.1) We consider a continuous complex Finsler metric h on a complex manifold M as equivalently a continuous Hermitian metric on the tautological line bundle L of PT (M ). h is said to be of nonpositive curvature if and only if it is of nonpositive curvature in the sense of currents when regarded as a Hermitian metric on L. In other words, the curvature (1,1) current is a (closed) positive current. As a starting point, we generalized the Hermitian metric rigidity theorem of Mok [1,2] to a "partial" Finsler metric rigidity theorem. Such a theorem was implicit in Mok [3, Proposition 3] for the case of compact complex manifolds X uniformized by irreducible bounded symmetric domains Ω of rank ≥ 2. For its formulation, write G for the identity component of the group of biholomorphic automorphisms of Ω and K ⊂ G for the isotropy subgroup at some base point o ∈ Ω. K has a one-dimensional centre. Write k for the Lie algebra of K and k s for [k, k] 
Here and until the end of §3 we will solely consider cocompact lattices Γ ⊂ Aut(Ω). Modifications and generalizations for the non-cocompact case will be given in §4. 
is defined by the inequalities dh(η) ds 2 ∆ < 1, h ∈ F . Denoting by −ρ the Ricci form of (∆, ds 2 ∆ ) and by π :
This means by definition that κ is a continuous complex Finsler metric of nonpositive curvature.
. We call h a Carathéodory extremal function at p for, or adapted to, η ∈ T p (D). Given η, h may not be unique even under the normalizations h(p) = 0, dh(η) real and positive. For instance, in the case of the unit 2-ball B into the unit disk ∆. They all restrict to the identity function of ∆ × {0}, and is thus at any p ∈ ∆ × {0} a Carathéodory extremal function adapted to any nonzero η ∈ T p (∆ × {0}).
All of the above applies to an arbitrary complex manifold in place of D M , with the difference that the length function thus defined only gives the Carathéodory pseudometric. One of the problems encountered in the article is the identification of "special" extremal functions adapted to some specific tangent vectors. In the case of irreducible compact quotients of the polydisk we will obtain pull-backs of Carathéodory extremal functions depending on a 4 single direct factor ∆ k of the polydisk. In the general case we use the Polydisk Theorem and apply a classical ergodicity result for semisimple real Lie groups, as follows.
Polydisk Theorem (cf. Wolf [Wo, p.280] 
We will refer to Theorem 1 and Theorem 1' as the Embedding Theorem. When N is uniformized by a bounded domain D in some Stein manifold, the Carathéodory pseudometric is a metric, and we have The Embedding Theorems can be formulated for complex spaces N . A special case of the generalized theorem is the case when f : X → N is a local biholomorphism at a generic point. Especially, we have the following consequence which shows that the existence of bounded holomorphic functions on universal covers can be very sensitive to perturbations which introduce singularities. We note that in the special case when N is locally irreducible as a complex space, f : X → N is bijective and hence a homeomorphism, so that it lifts to a bijective holomorphic map F : Ω →Ñ . Even in this caseÑ admits no nonconstant bounded holomorphic function (whenever N is actually singular). This is in constrast with the situation when Ω = ∆, the unit disk. In fact, for any irreducible algebraic curve C on a projective manifold uniformized by a bounded domain, there are plenty of bounded holomorphic functions on the universal cover of C, and the normalization of C is uniformized by the unit disk. We note also that the strict analogue of Theorem 3 fails in the locally reducible case.
In conjunction with a result of Margulis' [Ma] regarding normal subgroups of irreducible lattices, we establish the following on fundamental groups of normal complex spaces dominated by X. From the proof of Theorem 1 we will deduce the following stronger result on equivariant holomorphic mappings on X = Ω/Γ. Aut(M ) be a homomorphism, and F : Ω → M be a nonconstant Φ-equivariant holomorphic map in the sense that F (γx) = Φ(γ)(F (x)) for any x ∈ Ω, γ ∈ Γ. Assume that there exists a bounded holomorphic function h on M such that h| F (Ω) is nonconstant. Then, F is a holomorphic embedding. §2 Irreducible compact quotients of the polydisk (2.1) For the proof of the Embedding Theorem, we will first deal with the case of irreducible torsion-free cocompact lattices Γ ⊂ Aut(Ω). From now on X := Ω/Γ will be compact until §4. In this section we consider the case of the polydisk ∆ n , n ≥ 2, presenting the arguments for the bidisk ∆ 2 . For our purpose irreducible lattices in the case of the polydisk are particularly simple, in view of classical density results for canonical projections. Understanding of the polydisk is also important for the general case, since an irreducible bounded symmetric domain is swept out by its maximal polydisks, by the Polydisk Theorem. For irreducible lattices we have the following density lemma which is sufficient for our study of Carathéodory extremal functions by taking boundary values.
Density Lemma (special case of Raghunathan [Ra, Cor.(5.21) 
(2.2) We proceed now to prove Theorem 1' for irreducible compact quotients of the polydisk, presenting the argument in the case of the bidisk for simplicity. Without loss of generality let Γ ⊂ Aut(∆) 2 be a torsion-free irreducible cocompact lattice,
. By the i-th canonical foliation on ∆ 2 we will mean the one with leaves {x 1 } × ∆ for i = 1 resp. ∆ × {x 2 } for i = 2. Passing to quotients we have the i-th canonical foliation on X = ∆ 2 /Γ. Let f : X → N be a holomorphic mapping into a complex manifold N , F : ∆ 2 →Ñ its lifting to universal covers. Assume for the time being that f is an immersion at a generic point. Let ε > 0 be small enough so that for
, is said to be a Carathéodory extremal function at p for, or adapted to, η ∈ T p (Ñ ). Let now i = 1 or 2, and η ∈ T p (Ñ ) be dF (
). Pick any Carathéodory extremal function h adapted to η. Write T ∆ 2 = T 1 ⊕ T 2 as in the Finsler Metric Rigidity Theorem. By the latter theorem
. From the hypothesis of Theorem 1'; c 1 , c 2 = 0. We are going to derive the existence of special extremal functions adapted to η, as follows.
Proposition 1. Let h be any Carathéodory extremal function
h ∈ H for η = dF x ( ∂ ∂z i ), η ∈ T p (Ñ ). Let q ∈ L i (p), q = F (y), y ∈ U ε (x), and η q := dF y ( ∂ ∂z i ), η p = η. Then, h
is a Carathéodory extremal function for η q at q, and h is constant on the leaf L i (p).

Proof. Without loss of generality we may assume that h(p)
It follows from the harmonicity of log |θ(q)| in q that log |θ(q)| is a constant. As a consequence,
In particular, h is a Carathéodory extremal function for η q at any q ∈ L i (p) and h is constant on L i (p), as desired. . In other words, we have
Proposition 2. There exists a Carathéodory extremal function
Take i = 1. For the Carathéodory extremal functions h onÑ adapted to η = dF (x 1 , z 2 ) is a constant. To prove Proposition 2 we will modify h and hence s so that s(z 1 , z 2 ) is independent of z 2 .
Proof of Proposition 2. Denote by Φ : Γ → π 1 (N ) the homomorphism induced by f : X → N . We are going to modify h and s by composing with elements of Φ(Γ) and taking limits, in such a way that it amounts to taking boundary values of s.
, let E x denote the set of pullbacks s = F * h of Carathéodory extremal functions h at F (x) = p such that h(p) = 0. We note that
Write E for the union of all E x , as x ranges over ∆ 2 . For x ∈ ∆ 2 and positive integers k we define inductively E x,k ; E x,1 = E x ; to be the set of all elements in E x such that
For each positive integer k we are going to establish:
Denote by ( * ) the statement that ( * ) k holds for all positive integers k. Proposition 2 consists of the statement that E ∞ = ∅. We assert that this follows from ( * ). To see this, let
be a compact subset which contains a fundamental domain of ∆ 2 with respect to Γ.
In what follows we replace 
h k for some Carathéodory extremal function h k onÑ . Then h k :Ñ → ∆ forms a normal family, and we may assume without loss of generality that h k converges to some bounded holomorphic function h ∞ such that s ∞ = F * h ∞ . From this we conclude that s ∞ is the pull-back of a Carathéodory extremal function. It follows that s ∞ ∈ E x ∞ ,k for every positive integer k, i.e., s ∞ ∈ E ∞ , as asserted.
It remains to establish ( * ), which we will do by induction. For k = 1 we know actually that E x,1 = ∅ for any x ∈ ∆ 2 , by Finsler metric rigidity and the resulting Proposition 1.
+ · · · . t is uniquely determined up to a rotation of ∆, so that |c k+1 (z 2 )| := λ k+1 (s; z 2 ) is completely determined by s and z 2 . Note that for any γ ∈ Γ, γ = (
; γ 2 (z 2 )). Furthermore, λ k+1 (s; z 2 ) is uniformly bounded from above independent of z 2 and of s, by Cauchy estimates. Let µ be the supremum of all λ k+1 (s; z 2 ) as s ranges over all of E k and z 2 runs over ∆. to some holomorphic function σ ∈ E u,k . Furthermore, λ k+1 (σ; u 2 ) = µ, while λ k+1 (σ; z 2 ) ≤ µ for any z 2 ∈ ∆. By the Maximum Principle we conclude that c k+1 (z 2 ) must be a constant, so that σ ∈ E k+1 , as desired. This proves ( * ) by induction, and the proof of Proposition 2 is complete.
Remarks. Regarding ( * ) from the Density Lemma we deduce readily that at any x ∈ ∆ 2 and for any positive integer k, E x,∞ = ∅. We will refer to the existence of extremal functions h in Proposition 2, where F * h depends only on one direct factor, as the Splitting Phenomenon.
Proof of Theorem 1' for ∆
n in the cocompact case. Consider the case of the bidisk. The assumptions in Proposition 1 and 2 that f : X → N is generically an immersion was just for linguistic convenience. As is apparent from the proofs there the hypothesis of Theorem 1' already ensures the applicability of analogues of Propositions 1 and 2 since we can work with the foliations on ∆ 2 by pulling back extremal functions. We claim that f : X → N is unramified, i.e., equivalently, F : ∆ 2 →Ñ is unramified. To this end let x ∈ ∆ 2 and ξ ∈ T x (∆ 2 ), x = (x 1 , x 2 ), such that dF (ξ) = 0. By the proof of Proposition 1 there exist Carathéodory extremal functions h 1 and h 2 onÑ such that for s i = h i • F ; i = 1, 2; we have
(x 2 ) , so that ξ 1 = ξ 2 = 0, i.e., ξ = 0. In other words, F is unramified, as claimed. To prove Theorem 1' for the bidisk it remains to show that F separates points.
y). Let now h be a Carathéodory extremal function as obtained in Proposition 2 such that
In what follows take i = 1. Write Φ : Γ → π 1 (N ) for the homomorphism f * induced by f , identifying π 1 (N ) with the group of Deck transformations of the covering map π :Ñ → N . Then, for any γ ∈ Γ, z ∈ ∆ 2 , we have F (γz) = Φ(γ)(F (z)), so that
where x = (x 1 , x 2 ), y = (y 1 , y 2 ), γ = (γ 1 , γ 2 ). By the Density Lemma, as γ ranges over Γ, γ 1 ranges over a dense subset of Aut(∆), with respect to the complex topology. We may take x 1 = 0. In particular, given any θ ∈ R we can choose γ = (γ n,1 , γ n,2 ) such that γ n,1 (z 1 ) converges to e iθ z 1 . It follows that for any θ ∈ R, s(e iθ y 1 ) = lim n→∞ s(γ n,1 y 1 ) = lim n→∞ s(γ n,1 (0)) = s(0), so that s is constant on the circle of radius |y 1 |. Since y 1 = 0, s must be constant, a contradiction. Thus F (x) = F (y) implies x 1 = y 1 . Similarly F (x) = F (y) implies x 2 = y 2 , so that x = y, i.e., F is an embedding, as desired.
The proof of Theorem 1' for the polydisk ∆ n , follows verbatim.
Proposition 1, which has led to the proof that f : X → N is an immersion, will be adapted to give the same statement of the general cocompact case. For the proof of separation of points in the general cocompact case, a straightforward adaptation of Proposition 2 fails completely. We will in its place formulate and prove a variant of Proposition 2 involving a new extremal problem. The proof necessitates new ideas. §3 The Embedding Theorem in the locally irreducible case via a new extremal problem (3.1) For the proof of the Embedding Theorem in the cocompact case we will need to prove analogues of Propositions 1 and 2. For this purpose it will be necessary to study the action of automorphism groups on spaces of totally-geodesic complex submanifolds using Moore's Ergodicity Theorem. We start with some preliminary discussion on implications of the latter theorem in our context. For a connected real Lie group G and for any closed subgroup S ⊂ G, the left (resp. right) coset space G/S (resp. S \ G) inherits the canonical structure of a smooth manifold, on which G acts as diffeomorphisms. Although G/S resp. S \ G may not carry a G-invariant measure the notion of a null subset is well defined, viz., a set E ⊂ G/S (resp. S \ G) is said to be a null subset if it is of measure zero with respect to any choice of a Riemannian metric on G/S (resp. S \ G). Given two closed subgroups S 1 , S 2 ⊂ G it makes sense therefore to talk about ergodicity of the left action of S 1 on G/S 2 (resp. the right action of S 2 on S 1 \ G. From now on Ω denotes an irreducible bounded symmetric domain of rank r ≥ 2, G = Aut o (Ω), Ω = G/K. We apply Lemma 1 to the simple Lie group G, S 1 = Γ ⊂ G a lattice, and S 2 = H some noncompact closed subgroup G to be determined. From Moore's Ergodicity Theorem we conclude therefore that Γ acts ergodically on the left on G/H.
Since G is paracompact, Zimmer [Zi, Proposition 2.1.7, p.10] applies to give the following density result. 1.3) ) there is a totally-geodesic r-dimensional polydisk P ⊂ Ω, and G acts transitively on the space of such polydisks. We give here a brief description of maximal polydisks, and refer the reader to Wolf [Wo, p.280 Write g for the Lie algebra of real Lie group G, and denote by g C , etc. the complexification of the real Lie algebra g, etc. Let z ⊂ k be the one-dimensional centre of k. We have k = k s + z.
Lemma 2. Let H ⊂ G be a closed subgroup. Then there exists a null subset E ⊂ G/H such that for any point gH ∈ G/H − E, the orbit Γ(gH) is dense in G/H, in the metric topology on G/H defined by the canonical smooth structure on G/H.
Remarks. In general the subset E
The root space belonging to ρ ∈ Φ is one-dimensional, generated by
Choosing in an appropriate way a positive Weyl chamber on h * R we have the notion of positive resp. negative roots. Let θ be the Lie algebra involution on g corresponding to the symmetry of G/K at o = eK, and write g = k ⊕ m for the Cartan decomposition with respect to the involution θ. The space of roots decompose into Φ K ∪ Φ M consisting of compact resp. noncompact roots according to whether E ρ ∈ k 
From Proposition 3 we have readily
Proof that f : X → N is an immersion in Theorem 1 in the cocompact case. Equivalently we need to prove that F : Ω →Ñ is an immersion. For any s ∈ Ω and any nonzero vector ξ ∈ T x (Ω) we have to prove that dF (ξ) = 0. By Lemma 3 there exists a maximal polydisk P ⊂ Ω passing through x such that ξ ∈ T x (P ). The argument for the proof that F : Ω →Ñ is an immersion in the case of the polydisk given in (2.2) in conjunction with Proposition 3, applies to show here that F : Ω →Ñ is an immersion.
As an analogue to the Splitting Phenomenon given by Proposition 2 for the bidisk, we have There is an essential difference in the formulation of Proposition 4 from that of Proposition 2. The bounded holomorphic function h :Ñ → ∆ will not be a Carathéodory extremal function. It will rather be an extremal function for an extremal problem on Ω to be defined in the next section. The extremal problem will be constructed in such a way that any extremal function for the problem adapted to a given maximal polydisk will automatically have the property as stated in the conclusion of Proposition 4.
(3.2) Recall that H is the space of holomorphic maps h :Ñ → ∆. Denote by F the space of holomorphic maps s : Ω → ∆ of the form s = F * h, h ∈ H. We are going to define an extremal problem on the irreducible bounded symmetric domain Ω of rank ≥ 2 for the space F, as follows. For every x ∈ Ω, and every characteristic vector α ∈ S x , there is a unique minimal disk ∆ α such that x ∈ ∆ α and such that α is tangent to ∆ α . Fix a positive number ε. The ensuing construction depends on the choice of ε. For convenience we will choose ε sufficiently small, in a way to be specified later in (3.4). Denote by B α (x, ε) the geodesic ball on (∆ α , g| ∆ α ) centred at x and of radius ε, and by S α,ε the geodesic circle ∂B α (x, ε) on ∆ α . Let s ∈ F. We define a length function · s on S Ω , as follows. At every point y ∈ S α,ε let α y ∈ T ∆ α be a tangent vector of the same length as α with respect to the canonical Kähler-Einstein metric. Define u(s, α, y) = ds(α y ) ds 2 ∆ . Then u(s, α, y) ≥ 0 is defined independent of the choice of α y . Let α s be the average of u(s, α, y) as y runs over S α , with respect to a measure of total mass 1 on S α invariant under the isotropy group of (∆ α , g| ∆ α ). Define now
Writing 0 = 0 we have a length function defined on S Ω ∪ {0}, which corresponds to a Hermitian metric on the tautological line bundle L over the characteristic bundle S Ω . From Cauchy estimates, the length functions α s are uniformly Lipschitz on any compact subset of S Ω , so that the suprema define a Lipschitz function on S Ω , and · e(F ) is a continuous Hermitian metric on L| S Ω . For any γ ∈ Γ, and s ∈ F, where s = F * h for some h ∈ H, we have γ *
, so that F is invariant under the canonical action of Γ. As a consequence · e(F ) descends to a continuous Hermitian metric on the tautological line bundle over S 0 . On the quotient manifold X we will denote the tautological line bundle and the corresponding length function by the same symbols L resp. · e(F ) . e(F) will also be used to denote the continuous Hermitian pseudometric on L.
The idea of proof of Proposition 4 is to apply Finsler metric rigidity to (L| S , e(F) ). We note that the argument of Finsler metric rigidity applies, provided that we have a continuous
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Hermitian metric on L| S of nonpositive curvature in the sense of (1.2). However, it is not clear from the construction of our length function · e(F ) that the curvature is nonpositive. As a matter of fact, the averaging process applies to local log-plurisubharmonic functions defined on some open subsets of S, and the averaging process in general does not give logplurisubharmonic functions, for the following reason. Denote by π : S → X the canonical projection. Let ϕ be a log-plurisubharmonic function on some open subset U of X and consider the log-plurisubharmonic function π * ϕ. Let V ⊂ U be a nonempty relatively compact open subset and choose ε > 0 sufficiently small so that the averaging process makes sense on π −1 (V ). ϕ is by definition constant on the fiber π −1 (x) for any x ∈ U . However, the averaging at [α] ∈ S x depends on [α], and obviously one can choose U , ϕ smooth, V ⊂ U and x ∈ X such that the resulting function ϕ ε is not constant on π −1 (x). But then ϕ ε cannot be log-plurisubharmonic on the projective variety S x . By the same reasoning one cannot expect in general to get continuous Hermitian metrics of nonpositive curvature by the averaging process described in the last paragraph.
Although we cannot expect a priori that (L| S , e(F)) is of nonpositive curvature, we know nonetheless that its restriction to certain submanifolds of S is of nonpositive curvature, and we are going to show that this is enough to establish metric rigidity.
(3.3) Let x ∈ Ω and α ∈ S x . Since F is a normal family there exists a bounded holomorphic function s ∈ F such that α e(F ) agrees with α s . We call s an e(F)-extremal function at x adapted to α. In analogy with Proposition 1 on Carathéodory extremal functions onÑ , e(F)-extremal functions enjoy special properties when restricted to maximal polydisks. In fact, they are more rigid so that the analogue of Propoition 2 is automatic. We are going to prove the following result concerning e(F)-extremal functions which imply Proposition 4. For the proof of Proposition 4' we will show that e(F) defines a continuous Hermitian metric on L| S which is of nonpositive curvature when restricted to certain submanifolds. We will then formulate a version of metric rigidity for continuous Hermitian metrics on L| S which shows that the partial nonpositivity of curvatures at our disposal is enough. The metric rigidity result will be applied to prove that the e(F)-extremal functions have the splitting property when restricted to maximal polydisks. To start with we have the following lemma which is relevant to our averaging process on geodesic circles on minimal disks. Proof. The problem being local, it is enough to prove Lemma 4 with U replaced by a Euclidean 14 ball B ⊂ U relatively compact in U . We may extend u to I × B for some open interval I containing [a, b] in such a way that u(z) := u(t, z) remains plurisubharmonic for t ∈ I. Applying smoothing convolution operators we get smooth functions u : [a, b] × B → R such that u t : B → R is plurisubharmonic and u t converges uniformly on B to u t for each t ∈ [a, b] as ∈ converges to 0. Defining ϕ using u in place of u, we are going to verify the lemma for the function ϕ in place of ϕ. Since the uniform limit of plurisubharmonic functions is plurisubharmonic, and e ϕ √ −1∂∂ϕ converges to e ϕ √ −1∂∂ϕ as positive currents, etc., we will have proven Lemma 4 by letting tend to 0.
From now on we change the meaning of the notations and assume that u is already smooth. The function ϕ t is defined as an integral, and can thus be approximated by Riemann sums. Expressing ϕ as a uniform limit of Riemann sums, it suffices to prove the analogue of the lemma for the sum of a finite number of smooth plurisubharmonic functions in place of an integral over [a, b] . Thus, we have u i : [a, b] × U → R smooth and plurisubharmonic for 1 ≤ i ≤ N , and, defining a new ϕ(z) = log(e
), we have to prove that ϕ is plurisubharmonic, and that e Alternatively, without using geometry, the inequality e
(with the new definition of ϕ) in case of N = 2 follows from the direct computation
The case of general N follows by induction.
The following result is a strengthening of the principle underlying the proof of the Hermitian Metric Rigidity Theorem of Mok [M3] in the compact case. In [M1,2] we worked with Hermitian holomorphic line bundles of nonpositive curvature in the generalized sense, and global nonpositivity was required to justify the integration by parts. Here we observe that for certain problems it is enough that the continuous Hermitian metrics are of nonpositive curvature when restricted to certain complex submanifolds. Suppose L is some holomorphic line bundle, and h 1 , h 1 are continuous Hermitian metrics on L. 
Then,
which follows readily from the fact that θ(
Since u| L is plurisubharmonic on every leaf L, the (m, m)-current S is a nonnegative measure. From
it follows readily that S ≡ 0 and hence
for almost every local leaf L o , by Fubini's Theorem. Since by assumption the restriction of u to every leaf L is plurisubharmonic, ω| L is a Kähler form, and u is continuous, it follows that u is pluriharmonic on each leaf L. When u is Lipschitz we can perform integration by parts to get
, which forces u to be constant on each (complete) leaf L of K. If there exists a leaf L dense on Z, obviously the continuous function u is constant on the topological closure Z, so that u is constant, as desired.
We now apply Proposition 5 to Z = S and to holomorphic line bundle L| S , equipped with two Hermitian metrics h 1 =ĝ| S induced by the canonical Kähler-Einstein metric g, and h 2 = e(F) +ĝ. We are going to prove Lift α to a characteristic vector at o ∈ Ω and maintain the same notation for the lifted vector. In the notations of (3.1), with respect to some choice of Cartan subalgebra h ⊂ g we may take α to be a root vector belonging to a root ψ ∈ Ψ. Let ψ ⊥ be the set of all positive noncompact roots ϕ such that ψ − ϕ is not a root. Then, the root vectors {E ϕ : ϕ ∈ ψ ⊥ } span the null space N α associated to α, i.e., the space of all η ∈ T o (Ω) such that R ααηη = 0. Write q := dim N α . Then, using Lie triple systems arising from ψ The canonical Kähler-Einstein metric g on Ω restricts to a product metric on M = ∆×N . It follows that (L| L ,ĝ| L ) is the trivial Hermitian holomorphic line bundle. On the other hand, h 2 = e(F), when restricted to L, gives a continuous Hermitian metric of nonpositive curvature on L| L , by Lemma 4, again by using the product structure M = ∆ × N on Ω. Writing h 2 = e u h 1 we conclude that u is plurisubharmonic on each leaf L of the foliation K on Z = S defined by Re(Ker(θ)). By Proposition 5, we conclude that u| L is pluriharmonic. From Cauchy estimates it follows readily that u is Lipschitz. Furthermore, from Moore's Ergodicity Theorem and Lemma 2 there exists a dense leaf L of K. It follows that u is constant on S. In other words, e(F) agrees with some constant multiple ofĝ on L| S , as desired.
Remarks. We note that for our application to study e(F)-extremal functions on Ω the weaker statement that u| L is pluriharmonic for every leaf L of K is already sufficient.
Proof of Proposition 4'. Let x ∈ Ω, P ⊂ Ω be a maximal polydisk, and α ∈ T x (X) be a characteristic vector. Let s ∈ F be an e(F)-extremal function adapted to α at x, i.e., α s = α e(F ) . Write P ∼ = ∆ , where a is the constant such that α z g = 1 a for z belonging to the geodesic circle S α,ε , α o g = 1. By Proposition α y e(F ) is constant on P . By Lemma 4, ϕ(y) is plurisubharmonic in y ∈ P and attains its maximum at the origin. It follows that ϕ ≡ C on P for some constant C > 0. Write e However, √ −1∂∂u θ is the pull-back of the curvature form of (∆, ds
